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Abstract. Bio-inspired flapping wing has potential application to micro air vehicles (MAV).  
Due to the nature of lightweight and flexibility of micro flapping wing structures, elastic  
deformation as a result of aeroelastic coupling is inevitable in flapping motion. This effect can  
be significant and beneficial to the aerodynamic performance as revealed in the present  
investigation for a flexible flapping wing of variable camber versus a rigid one. Firstly a two  
dimensional (2D) unsteady aerodynamic model (UAM) based on potential flow theory has  
been extended from previous study. Both leading and trailing edge discrete vortices are  
included in the model with unsteady Kutta condition satisfied to fully characterize the unsteady  
flow around a flapping wing. A wall function is created to modify the induced velocity of the  
vortices in the UAM to solve the vortices penetration problem. The modified UAM is then  
validated by comparing with CFD results of a typical insect-like flapping motion from previous  
research. Secondly the UAM is further extended for a flexible flapping wing of camber  
variation. Comparing with a rigid wing in a prescribed plunging and pitching motion, the  
results show lift increase with positive camber in upstroke by mitigating negative lift. The  
results also agree well with CFD simulation. Thirdly the 2D UAM is extended to calculate the  
aerodynamic forces of a 3D wing with camber variation, and validated by CFD results. Finally  
the model is applied to aerodynamic analysis of a 3D flexible flapping wing with aeroelastic  
coupling effect. Significant increase of lift coefficient can be achieved for a flexible flapping  
wing of positive camber and twist in upstroke produced by the structure elastic deformation.  
Keywords: Unsteady aerodynamic model, Flapping wing, Variable camber, Aeroelastic  
coupling.  
  
Introduction  
Theoretical study on flapping wing was started since 1920s when W. Birnbaum investigated the  
reaction of an aerofoil in small amplitude oscillation[1]. Over the past several decades, with the great  
interest in unmanned micro air vehicles (MAV) development, more attention has been paid to small- 
scale flapping wing models[2]. Due to the small scale and light weight of MAVs (wingspan ≤ 15cm,  
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weight ≤ 20g)[3], a typical flapping wing model consists of thin aerofoil and flexible wing structure,  
and the fluid flow associated with the wing in the low Reynolds number (Re~103) region is often  
governed by the formation and shedding of vortices from the leading and trailing edges. In recent  
years, the flow mechanism associated with the flapping wings has been investigated extensively.  
Dickinson and Götz [4] measured the forces on an impulsively started airfoil at Re~100, and showed  
that lift was increased by 80% due to the presence of a leading edge vortex (LEV) in the first 2 chord  
length of travel. Ellington et al [5] proposed that the insect wings make use of a spanwise flow which  
serves to transport vorticity of the LEV core along the wingspan, thus stabilizes the LEV and produce  
consistently high lift. Guo et al [6] conducted a theoretical study, numerical modelling and experiment  
of a micro flapping wing rotor (FWR) to demonstrate the FWR advantages in simple and light weight  
configuration and high performance. Wang et al [7] used numerical simulation to model the forces and  
flow of a flapping 2D aerofoil and showed that significant lift can be obtained for the wing within 2-4  
chord lengths of travel by making use of the dynamic stall of the LEV. Li et al [8] have extended the  
study of aerodynamic lift and efficiency of insect flapping wing in comparison with rotary and a novel  
flapping wing rotor.   
Due to the complex flow structure of the flapping wing, numerical modelling of the forces and  
flow dynamics needs to take into account the vortices shedding at the leading and trailing edges. In  
previous studies [9–11], computational fluid dynamics (CFD) method have been applied to investigate  
the unsteady forces and flow. However, given the complex flow structure associated with flapping  
wing, the CFD method often requires relatively large computational time. On the other hand, potential  
flow based analytic approaches could offer simple and efficient solutions to the flow phenomena. Katz  
and Allen[12] proposed a vortex panel method to simulate an unsteady 2D aerofoil. In their model, a  
separated shear layer is set up at a distance behind the leading edge and the separation point is  
assumed to be fixed at 5% chord from the leading edge. By using this method, they obtained the  
results of periodic wake shedding for an inclined aerofoil. Hammer et al[13] extended Katz and  
Plotkin’s method by assuming that the strength of leading edge vortex shedding is proportional to the  
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strength of the bound vortex nearest to the leading edge. They adapted the method by Uhlman [14] to  
calculate the fluid forces, which showed good agreement with experimental and CFD results for a  
range of wing pitch-hold motion cases. Taha et al[15] developed an aerodynamic model in state-space  
and validated the model by comparing with a N-S based direct numerical simulation (DNS) results of  
insect hovering. The study also included an assessment of the leading edge vortices dominance on  
aerodynamic forces of flapping wing and derived a reduced-order model from the full model. Yan et  
al[16] developed a semi-analytical unsteady potential flow model and validated their model against the  
experimental and computational results. This kind of semi-analytical unsteady potential flow model is  
then employed to find the lift frequency response at different angle of attack. Lam [17] and Hewett  
[18] obtained an analytic solution of vortices distribution on a steady aerofoil and superimpose the  
unsteady discrete vortices terms to find the final results on complex plane. Their model was validated  
against several steady cases. In order to take into account the shedding of leading edge vortex, Ansari  
et al[19] proposed another set of equations to extend this model by taking leading edge vortices  
shedding into consideration where Kutta-Joukowski condition at trailing edge and stagnation condition  
at leading edge are enforced to find the strength of leading edge vortices and trailing edge vortices.  
Both the force data and the flow field representation obtained from the model showed good agreement  
with the Robo-fly data from experiment done by Dickinson et al[20].    
For small-scale flapping wings, relatively large elastic deformation to the wing scale is inevitable  
due to the nature of light weight wing structure and high frequency motion. As the deformation  
interacts with the aerodynamic force, aeroelastic coupling plays significant role in the aerodynamic  
performance of flapping wings. In previous studies, the effect of flexibility of flapping wings has also  
been investigated. Hu et al [21] carried out an experimental investigation on aerodynamic performance  
of a flexible flapping wing and noted that flapping motion can significantly benefit the aerodynamic  
forces when the advance ratio is smaller than 1. They also found that the flexible membrane wings  
have better aerodynamic performance for soaring flight and the flexible wing was found to have better  
thrust generation performance for while rigid wing can generate higher lift for flapping wing in  
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general. Du and Sun [22] solved Navier-Stokes equations on a dynamically deformed grid. The study  
proposed that the effect of combined camber and twist deformation is similar to that of camber  
deformation. With a deformation of 6% camber and 20° twist, lift is increased by 10% - 20% and lift- 
to-drag ratio by around 10% compared with the case of a rigid flat-plate wing. Guan and Yu[23,24]  
used in-house panel method and found that all of twisting, cambering and bending have positive  
influence on the lift by comparing cases in a parametric study. They also found that lift and thrust are  
generated mainly during downstroke and negligible during upstroke by the integrated morphing  
model-wing. Ghommem et al [25,26] used the unsteady vortex lattice method (UVLM) to investigate  
the wing shape effect on flapping wing propulsion. By parameterizing the twisting and bending modes  
of the wing in trigonometric and spline-based polynomials, the results show that a proper morphing of  
the wing can greatly increase the thrust production. In addition, an optimal wing shape for maximum  
propulsive efficiency was also obtained using a gradient-based optimization.  
In previous study, a nonlinear unsteady aerodynamic model (UAM) was developed for a rigid  
flapping wing [19]. Since the UAM is based on potential flow theory, we appreciate that the viscosity  
effect is not included hence the aerodynamic results will not affected by Reynolds number. In the  
model, both leading and trailing edge vortices have bene included. A numerical approach was  
attempted to reduce the amount of free vortices penetration through the airfoil surface by increasing  
the airfoil boundary discretization. This problem becomes more severe for a flapping wing in hovering  
where little freestream flow exists to drive the shed vortices away. Inevitably the vortices shed from  
the wing in a down-stroke motion will impact on the following up-stroke wing, and vice versa. This  
was experienced in the present study when adapting the model developed in previous study by Lam  
[17], Hewett [18] and Ansari et al[19]. Nevertheless the vortices penetration problem has not been  
solved in the previous study. In the present study, a collision-avoidance algorithm is developed by  
enforcing a zero-through-flow boundary condition in the model. The results show no vortices  
penetration occurring in the model and a much better agreement with CFD results obtained by Wang  
[27] in terms of lift and drag coefficients. This is the first contribution made in the present study to  
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extend the UAM for a flapping wing of a prescribed aerofoil shape and presented in Section 2. In  
order to simulate a flexible flapping wing, the model is further extended to take into account  
instantaneous shape variation and induced velocity of a flexible wing boundary during flapping  
motion. This extended model is capable of evaluating aeroelastic coupling effect and performing  
optimization of a flexible flapping wing. This is the second contribution made in the present study and  
presented in Section 3. The model is validated by comparing the lift coefficients with CFD analysis  
results for a 2D wing of rigid aerofoil shape and one of variable camber. The results show that the  
average lift coefficient in a flapping cycle can be significantly increased by modulating the flexible  
wing camber in upstroke. The study is then extended to a 3D wing model with camber variation and  
compared with CFD results. The results from both rigid and flexible wings using the model are  
compared with CFD results[7,27–29]. Finally, aeroelastic coupling effect is counted in the analysis  
with the aerodynamic model interacting with structural model (Abaqus solver) for the 3D wing model.  
The results show significant increase of lift coefficient for a flapping wing with positive camber and  
twist in upstroke versus a rigid wing. A conclusion of the study is drawn in Section 4.   
Theoretical Basis and Methods  
1.1. Joukowski transform for cambered airfoil  
As shown in Figure 1, for a cambered airfoil, the classical Joukowski transformation can be applied to  
uniquely map a circle of radius 𝑅 in the z-plane into an airfoil in the 𝜁-plane. According to Hewett[18]， 
the transformation can be given by the equation as follows:  
𝜁 = z +
(1 − 𝜀)𝑅2
𝑧
+
𝑅3𝜀
2𝑧2
,   ε =
(𝜏 − 𝑖𝜎)
𝑅
 （1） 
where 𝜁 and z are the complex coordinates in the 𝜁-plane and the z-plane respectively; τ and σ are  
non-dimensional factors governing the thickness and the camber of the airfoil[18]. Equation（1）can  
also be written in 𝜁-plane,  
ξ = 2𝑅𝑐𝑜𝑠𝜃 + 𝜎 (𝑠𝑖𝑛𝜃 −
1
2
𝑠𝑖𝑛2𝜃) − 𝜏(𝑐𝑜𝑠𝜃 −
1
2
𝑐𝑜𝑠2𝜃) （2） 
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𝜂 = 𝜏 (𝑠𝑖𝑛𝜃 −
1
2
𝑠𝑖𝑛2𝜃) + 𝜎(𝑐𝑜𝑠𝜃 −
1
2
𝑐𝑜𝑠2𝜃) （3） 
where 𝜃 is the angular displacement about the origin of the z-plane; ξ is the abscissa of a point on the 
𝜁-plane while 𝜂 is the ordinate of a point on the z-plane. 
 
Figure 1. Joukowski Transformation of 2D airfoil 
1.2. Unsteady boundary condition for variable wing camber 
A 2D rigid body airfoil motion in the 2D plane can be represented by heaving (ℎ, ℎ̇), sweeping (𝑙, 𝑙)̇ 
and pitching (𝛼, ?̇?) motion. For the airfoil with variable camber, an additional camber variable (𝜎, ?̇?) is 
used to describe the motion of the airfoil as shown in Figure 2. The zero-through-flow boundary 
condition enforced on the airfoil boundary can therefore be written as: 
𝑢 = 𝑙̇ 𝑐𝑜𝑠 𝛼 − ℎ̇𝑠𝑖𝑛𝛼 + 𝜂?̇? + ?̇?(𝑠𝑖𝑛𝜃 − 0.5𝑠𝑖𝑛2𝜃) （4） 
𝑣 = 𝑙̇ 𝑠𝑖𝑛 𝛼 + ℎ̇𝑐𝑜𝑠𝛼 − 𝜉?̇?   + ?̇?(𝑐𝑜𝑠𝜃 − 0.5𝑐𝑜𝑠2𝜃) （5） 
where 𝑢 and 𝑣 are real part and imaginary part of the complex velocity (𝑞 = 𝑢 − 𝑖𝑣) at a point on the 
airfoil and 𝜃 is the angular displacement about the origin of the z-plane. 𝜎 and ?̇?  represent a non-
dimensional camber and its variation rate of the airfoil. 
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Figure 2. 2D flapping airfoil in a complex coordinate system 
1.3. Potential flow solution using discrete vortices 
In order to model the unsteady 2D flow over the airfoil, discrete vortices are modelled in both the 
leading edge and trailing edge. At each time step, the velocity potential is required to satisfy the 
unsteady boundary condition which incorporates both the rigid body motion and the induced velocity 
due to wing camber variation. In this model, the flow potential is divided into two terms [19]: the 
quasi-steady term and the unsteady term. The quasi-steady term is relevant to the freestream and 
airfoil motion, while the unsteady term is related to the roll-up of the leading and trailing edge vortices. 
The total potential of the flow at each time step is then obtained by summing these individual terms. 
1.3.1. Quasi-steady potential solution 
Consider an airfoil moving horizontally and vertically with velocity 𝑙 ̇and ℎ̇, and the freestream has 
horizontal velocity 𝑈∞, as shown in Figure 2. The velocity potential for the freestream around a circle 
of radius 𝑅 in the z-plane is given by [19]: 
Φ𝑓(𝑧) = 𝑈∞ (𝑧𝑒
−𝑖𝛼 +
𝑅2𝑒𝑖𝛼
𝑧
) +
Γ𝑘
2𝜋𝑖
𝑙𝑛 (𝑧) （6） 
The circumferential velcotiy caused by freestream can be obtained by differentiating the potential 
function with respect to 𝑧 :  
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𝑣𝜃𝑓(𝜃) = −2𝑈∞ 𝑠𝑖𝑛(𝜃 − 𝛼) +
𝛤𝑘
2𝜋𝑅
 （7） 
By reinforcing the Kutta-Joukowski condition (𝑣𝜃𝑓(𝜃) = 0 when 𝜃 = 0) at trailing edge, the value  
of circulation due to freestream can be derived and represented as:  
𝛤𝑘 = −4𝜋𝑅𝑈∞𝑠𝑖𝑛𝛼 （8） 
Based on the zero-flow-through boundary conditions stated in equation（4）and（5）, the radial  
velocity on the circle in the z-plane due to airfoil motion is obtained as:  
𝑣𝑟
=
1
𝑅
(𝐴1𝑠𝑖𝑛𝜃 + 𝐴2𝑠𝑖𝑛2𝜃 + 𝐴3𝑐𝑜𝑠𝜃 + 𝐴4𝑐𝑜𝑠2𝜃 + 𝐴5𝑠𝑖𝑛
2𝜃 + 𝐴6𝑐𝑜𝑠
2𝜃 + 𝐴7𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃
+ 𝐴8𝑠𝑖𝑛𝜃𝑠𝑖𝑛2𝜃 + 𝐴9𝑠𝑖𝑛𝜃𝑐𝑜𝑠2𝜃 + 𝐴10𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜃 + 𝐴11𝑐𝑜𝑠𝜃𝑐𝑜𝑠2𝜃 + 𝐴12𝑠𝑖𝑛
22𝜃
+ 𝐴13𝑐𝑜𝑠
22𝜃) 
（9） 
where the coefficiens 𝐴1 − 𝐴13 are given by:  
𝐴1 = −𝜎(𝑙?̇?𝑜𝑠𝛼 − ℎ̇𝑠𝑖𝑛𝛼) + (2𝑅 − 𝜏)(𝑙?̇?𝑖𝑛𝛼 + ℎ̇𝑐𝑜𝑠𝛼)  
𝐴2 = 𝜎(𝑙?̇?𝑜𝑠𝛼 − ℎ̇𝑠𝑖𝑛𝛼) + 𝜏(𝑙?̇?𝑖𝑛𝛼 + ℎ̇𝑐𝑜𝑠𝛼)  
𝐴3 = 𝜏(𝑙?̇?𝑜𝑠𝛼 − ℎ̇𝑠𝑖𝑛𝛼) − 𝜎(𝑙?̇?𝑖𝑛𝛼 + ℎ̇𝑐𝑜𝑠𝛼)  
𝐴4 = −𝜏(𝑙?̇?𝑜𝑠𝛼 − ℎ̇𝑠𝑖𝑛𝛼) + 𝜎(𝑙?̇?𝑖𝑛𝛼 + ℎ̇𝑐𝑜𝑠𝛼)  
𝐴5 = −2𝑅𝜎?̇? − 𝜎?̇?  
𝐴6 = 2𝑅𝜎?̇? − 𝜎?̇?  
𝐴7 = 4𝑅(𝜏 − 𝑅)?̇? + 2𝑅?̇?  
𝐴8 = 𝑅𝜎?̇? + 1.5𝜎?̇?  
𝐴9 = −0.5(𝜏
2 + 𝜎2 + 2𝑅𝜏)?̇? − (𝑅?̇? + 0.5𝜏?̇?)  
𝐴10 = 0.5(𝜏
2 + 𝜎2 − 4𝑅𝜏)?̇? + 0.5𝜏?̇?  
𝐴11 = 1.5𝜎?̇? − 2𝑅𝜎?̇?  
𝐴12 = −0.5𝜎?̇?  
𝐴13 = −0.5𝜎?̇? （10） 
Using the conjugate function theory[30], the relationship between the circumferential velocity and 
radial velocity on the circle in the z-plane can be expressed by the integral equation[19]: 
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𝑣𝜃 = −
1
2𝜋
∫ 𝑣𝑟 cot (
𝛽 − 𝜃
2
)𝑑𝛽
2𝜋
0
 （11） 
Substituting the 𝑣𝑟 into equation（11）, we obtain:  
𝑣𝜃𝑚
=
1
𝑅
(−𝐴1𝑐𝑜𝑠𝜃 − (𝐴2 + 0.5𝐴7)𝑐𝑜𝑠2𝜃 + 𝐴3𝑠𝑖𝑛𝜃 + (𝐴4 − 0.5𝐴5 + 0.5𝐴6)𝑠𝑖𝑛2𝜃
− 𝐴8𝑠𝑖𝑛𝜃𝑐𝑜𝑠2𝜃 + 𝐴9𝑠𝑖𝑛𝜃𝑠𝑖𝑛2𝜃 − 𝐴10𝑐𝑜𝑠𝜃𝑐𝑜𝑠2𝜃 + 𝐴11𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜃 − 0.5𝐴12𝑠𝑖𝑛4𝜃
+ 0.5𝐴13𝑠𝑖𝑛4𝜃 +
𝛤𝑚
2𝜋
) 
（12） 
Applying the Kutta-condition at the trailing edge (𝜃 = 0), the bound circulation due to airfoil  
motion can be obtained as:  
𝛤𝑚 = 2𝜋 [2𝑅(𝑙?̇?𝑖𝑛𝛼 + ℎ̇𝑐𝑜𝑠𝛼) + ?̇? (
1
2
𝜏2 +
1
2
𝜎2 − 2𝑅2) + 𝑅?̇? + 0.5𝜏?̇?] （13） 
According to the definition of circulation, the circumferential velocities equals to the linear density  
of the circulation (or vortex sheet). Thus, the total quasi-steady linear density of the circulation (𝛾𝜃) is  
obtained by adding up the circumferential velocities due to the freestream and airfoil motion:  
𝛾𝜃 = 𝑣𝜃𝑓 + 𝑣𝜃𝑚
=
1
𝑅
(−𝐴1𝑐𝑜𝑠𝜃 − (𝐴2 + 0.5𝐴7)𝑐𝑜𝑠2𝜃 + 𝐴3𝑠𝑖𝑛𝜃 + (𝐴4 − 0.5𝐴5 + 0.5𝐴6)𝑠𝑖𝑛2𝜃
− 𝐴8𝑠𝑖𝑛𝜃𝑐𝑜𝑠2𝜃 + 𝐴9𝑠𝑖𝑛𝜃𝑠𝑖𝑛2𝜃 − 𝐴10𝑐𝑜𝑠𝜃𝑐𝑜𝑠2𝜃 + 𝐴11𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜃 − 0.5𝐴12𝑠𝑖𝑛4𝜃
+ 0.5𝐴13𝑠𝑖𝑛4𝜃) − 2𝑈∞ 𝑠𝑖𝑛(𝜃 − 𝛼) +
𝛤0
2𝜋𝑅
 
（14） 
where the total quasi-steady bound circulation is given by:  
𝛤0 = 𝛤𝑘 + 𝛤𝑚 = 2𝜋[2𝑅((𝑙̇ − 𝑈∞)𝑠𝑖𝑛𝛼 + ℎ̇𝑐𝑜𝑠𝛼) + ?̇?(
1
2
𝜏2 +
1
2
𝜎2 − 2𝑅2) + 𝑅?̇? + 0.5𝜏?̇?]  （15） 
1.3.2. Unsteady potential solution  
In the z-plane, the wake shedding from the airfoil can be modelled by a series of discrete vortices. For  
a vortex located at 𝑧𝑤  with strength 𝑑𝛤𝑤 , the circle theorem [31] states that the zero-flow-through  
boundary condition on the circle of radius 𝑅 is satisfied by placing a vortex inside the circle at 𝑧𝑖𝑚  
with equal strength but opposite sign, as shown in Figure 1. The relation of strength and position of the  
pair of vortices are given by:  
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𝑑𝛤𝑖𝑚 = −𝑑𝛤𝑤   𝑎𝑛𝑑  𝑧𝑖𝑚 =
𝑅2
𝑧𝑤̅̅ ̅̅
   （16） 
Assuming at each time step, the discrete vortices are shed at both leading edge and trailing edge. 
The induced circumferential velocity on the circle are then obtained by summing over all the shed 
vortices and bound circulation（17）: 
𝑣𝜃𝑢 = −
1
2𝜋𝑅
∫ ℜ(
𝑧𝑡𝑣 + 𝑅𝑒
𝑖𝜃
𝑧𝑡𝑣 − 𝑅𝑒𝑖𝜃
 
𝑡𝑣
)𝛾𝑡𝑣𝑑𝑧𝑡𝑣 −
1
2𝜋𝑅
∫ ℜ(
𝑧𝑙𝑣 + 𝑅𝑒
𝑖𝜃
𝑧𝑙𝑣 − 𝑅𝑒𝑖𝜃
 
𝑙𝑣
)𝛾𝑙𝑣𝑑𝑧𝑙𝑣 −
𝛤0
2𝜋𝑅
 （17） 
where 𝛾𝑡𝑣𝑑𝑧𝑡𝑣 and 𝛾𝑙𝑣𝑑𝑧𝑡𝑣 are trailing edge vortices strength and leading edge vortices strength. 
The bound circulation 𝛤0 is introduced so as to satisfy Kelvin’s law that the total circulation within the 
fluid is zero at each time step. 
Applying the Kutta-condition at leading edge and trailing edge, the strength of the latest shed 
vortices can be solved using the equations（18）and （19）: 
Γ0 = −
1
2𝜋𝑅
∫ ℜ(
𝑧𝑡𝑣 + 𝑅
𝑧𝑡𝑣 − 𝑅
 
𝑡𝑣
)𝛾𝑡𝑣𝑑𝑧𝑡𝑣 −
1
2𝜋𝑅
∫ ℜ(
𝑧𝑙𝑣 + 𝑅
𝑧𝑙𝑣 − 𝑅
 
𝑙𝑣
)𝛾𝑙𝑣𝑑𝑧𝑙𝑣 （18） 
1
𝑅
[𝐴1 − (𝐴2 +
1
2
𝐴7) + 𝐴10] − 2𝑈∞𝑠𝑖𝑛𝛼 =
1
2𝜋𝑅
∫ ℜ(
𝑧𝑡𝑣−𝑅
𝑧𝑡𝑣+𝑅
 
𝑡𝑣
)𝛾𝑡𝑣𝑑𝑧𝑡𝑣 +
1
2𝜋𝑅
∫ ℜ(
𝑧𝑙𝑣−𝑅
𝑧𝑙𝑣+𝑅
 
𝑙𝑣
)𝛾𝑙𝑣𝑑𝑧𝑙𝑣   
（19） 
where the integral 
1
2𝜋𝑅
∫ ℜ(
𝑧𝑡𝑣+𝑅
𝑧𝑡𝑣−𝑅
 
𝑡𝑣
)𝛾𝑡𝑣𝑑𝑧𝑡𝑣 and −
1
2𝜋𝑅
∫ ℜ(
𝑧𝑙𝑣+𝑅
𝑧𝑙𝑣−𝑅
 
𝑙𝑣
)𝛾𝑙𝑣𝑑𝑧𝑙𝑣are the sum of effects of both  
previous shed vortices and latest vortices.  
The additional linear density of the circulation distributed on the airfoil can be obtained from:  
𝛾1 = 𝑣𝜃𝑢 = −
1
2𝜋𝑅
∫ ℜ(
𝑧𝑡𝑣 + 𝑅𝑒
𝑖𝜃
𝑧𝑡𝑣 − 𝑅𝑒𝑖𝜃
 
𝑡𝑣
)𝛾𝑡𝑣𝑑𝑧𝑡𝑣 −
1
2𝜋𝑅
∫ ℜ(
𝑧𝑙𝑣 + 𝑅𝑒
𝑖𝜃
𝑧𝑙𝑣 − 𝑅𝑒𝑖𝜃
 
𝑙𝑣
)𝛾𝑙𝑣𝑑𝑧𝑙𝑣 −
Γ0
2𝜋𝑅
   （20） 
1.4. Wake roll-up and collision avoiding mechanism  
In this model, the latest shedding vortices from the leading and trailing edges are placed at ζ𝑡 = 
𝜁𝑒𝑑𝑔𝑒 +
1
3
(−𝜁𝑒𝑑𝑔𝑒 + 𝜁𝑡−1) in the airfoil-fixed coordinate system [19], as shown in Figure 3. At each  
time step, the positions of the shed vortices are determined based on the induced velocity caused by all  
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other discrete vortices and bound vortices on the airfoil. The convection equation for induced velocity  
?̅?𝑜 for a shed vortex at 𝜁0 in the airfoil fixed coordinate is written as [19]:  
𝑤0̅̅̅̅ = 𝑊∞̅̅ ̅̅̅ +
1
2𝜋𝑖
∫
(𝛾𝜃 + 𝛾1)
𝜁0 − 𝜁
𝑑𝜁 +
 
𝑏𝑜𝑢𝑛𝑑
1
2𝜋𝑖
∫
𝛾𝑡𝑣
𝜁0 − 𝜁
𝑑𝜁 +
 
𝑡𝑣
1
2𝜋𝑖
∫
𝛾𝑙𝑣
𝜁0 − 𝜁
𝑑𝜁
 
𝑙𝑣
 （21） 
where W∞̅̅ ̅̅ ̅ is the conjugate freestream velocity and the three integrals represent the induced velocities  
of bound vortives, trailing edge vortices and leading edge vortices respectively.  
  
Figure 3. Vortex shedding model for the 2D airfoil  
  
Although the above formalism is sufficed to describe the wake motion on the theoretical basis, certain  
situations may occur and cause violation of the boundary conditions when implementing numerical  
analysis in a discrete time marching scheme. This is especially the case for complex wing motions  
such as flapping wings. For example, consider a wing undergoing only heaving motion in air. As  
shown in Figure 4, the shed vortices from the leading and trailing edges roll up and stay near the upper  
surface of the wing in downstroke; when the wing enters upsroke, these vortices on the upper surface  
would collide with the wing boundary and penetrate to the lower surface. The vortices penetration is  
because the discrete time marching can’t capture the high velocity gradient near the sigular surface of  
the airfoil boundary.  
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Figure 4. Collision of the vortices with airfoil during vortices convection process  
  
To prevent vortices penetration, an additional cosine type wall function is created and added in the  
UAM. The wall function is defined in the boundary layer close to the wing surface with distance  
between 0.02c to 0.08c (c denotes the wing chord) in this model, as shown in Figure 5(a). Within this  
region, the induced velocity ?̅?𝑜 is modified to:  
?̅?𝑜𝑚 = 𝑘(𝑑)𝑉𝑛𝒏 + 𝑉𝑡𝒕 （22） 
where 𝑘 is the wall function which takes value between 0~1; 𝑑 is the distance of the vortices from the  
wing surface; 𝒏 and 𝒕 are the unit normal and unit tangential vector field to the wing surface; 𝑉𝑛 and 𝑉𝑡  
are the normal and tangential component of the induced velocity of the vortices ?̅?𝑜 as expressed in  
equation (21). In this study, the wall function 𝑘 is chosen to be continuous function which describes  
the decay of the normal component of induced velocity 𝑉𝑛 near the wing surface. Examples of the wall  
function can be given as cosine function: 𝑘 = 0.5 − 0.5cos [π(𝑑 − 𝐵𝑙𝑐)/(𝐵𝑢𝑐 − 𝐵𝑙𝑐)] , the  
exponential square function 𝑘 = 1 − 𝑒−π(𝑑−𝐵𝑙𝑐)/(𝐵𝑢𝑐−𝐵𝑙𝑐)
2
 and the exponential function 𝑘 = 
1 − 𝑒−π(𝑑−𝐵𝑙𝑐)/(𝐵𝑢𝑐−𝐵𝑙𝑐) , as shown in Figure 5(b). The modified ?̅?𝑜  in the UAM can effectively  
prevent vortices penetration, but also reduce a little the induced velocities of the vortices near the wing  
surface in the UAM. As the result, the aerodynamic force calculated by the UAM is normally slightly  
smaller than the CFD method.  
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(a) Upper bound and lower bound of wall function  (b) Example of wall function 
Figure 5. Collision avoiding mechanism for discrete vortices model  
1.5. The extended UAM validation  
In order to validate the extended UAM, two 2D flat plate wings in different Reynolds numbers and  
two 3D wings have been modelled and compared with previous CFD results in literature. In the first  
three cases, the wing is assumed to be a rigid plate in prescribed heaving and pitching ‘flapping’  
motion. For the 3D wing, the aerodynamic force along the span is calculated using blade element  
analysis based on strip theory. In the fourth case, the wing is flexible with an assumed periodic camber  
variation in a flapping cycle.  
Validation case 1. In this case, a flapping wing of 2D flat plate is set at Re=157 in the same condition  
as that by Wang et al [27]. The wing moves in an inclined stroke plane at an angle β=60o to mimic the  
kinematic of motion of a dragonfly wing as shown in Figure 6.   
  
Figure 6. Kinematic of motion of a 2D flat plate in an inclined stroke plane  
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The wing heaving and pitching motion are expressed by the equations:  
𝐴(𝑡) =
𝐴0
2
[−cos (
2𝜋𝑡
𝑇
) + 1] （23） 
𝛼(𝑡) = α0 −
𝜋
4
sin (
2𝜋𝑡
𝑇
+ 𝜑) 
（24） 
where 𝐴0 is the heaving amplitude, α0 is the average pitching angle, 𝑇 is the period of a flapping cycle,  
𝜑 is the phase difference between pitching and heaving motion.   
The wing motion in displacement and pitching angle in two flapping cycles are shown in Figure 7.  
𝑋 and  𝑍  denotes the forward and downward flapping displacement respectively. Based on the  
prescribed kinematics of motion, the instantaneous forces from the UAM reached stable periodical  
oscillation after five flapping cycles. The comparisons of the aerodynamic lift and drag coefficient  
results by the UAM and previous literature results using CFD method by Kim and Choi, Wang [27,28]  
are shown in Figure 8.  
  
Figure 7. The position and pitching angle of the flapping wing in a cycle of flapping amplitude.  
𝐴0=25mm, flapping period T=0.025s, stroke plane inclination angle β=
π
3
rad, phase difference 𝜑=0  
rad, average pitching angle α0 =
𝜋
4
.  
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Figure 8. Lift coefficient and drag coefficient in one flapping cycle 
 
As shown in Figure 8, the variation of the lift and drag coefficients from the UAM is of similar trend 
to the CFD results by Kim and Choi[28], and Wang [27]. The peak values agree very well in both 
downstroke and upstroke although the CL peak timing from the UAM in downstroke is slightly later 
than that from the CFD method. This timing delay is mainly caused by the influence of fluid viscosity 
especially at low Reynolds number not being included in the UAM based on potential flow theory [32]. 
The mean lift coefficient CL=0.487 in a flapping cycle calculated from the UAM is close to the CFD 
result CL=0.49 obtained by Wang [27] but a larger difference is noted from CL=0.42 by Kim and Choi 
[28]. The variation of drag coefficient in a flapping cycle from the UAM also shows similar trend to 
the CFD results by Kim’s and Wang. Although the average drag coefficient CD=-0.43 from the UAM 
is reasonably close to the CFD result CD=-0.5 by Kim and Choi, there is a considerably large 
difference from another CFD result CD=-0.28 by Wang.  
Figure 9 shows the evolution of the flow field in a flapping cycle from the UAM, where red dots 
and blue dots indicate clockwise and anti-clockwise rotating vortices respectively. It is noticed that the 
leading edge vortices (LEV) and trailing edge vortices (TEV) are shed in rotating pairs at each time 
step. In the downstroke, the LEV and TEV rotate in clockwise and anti-clockwise direction 
respectively; in the upstroke, the LEV and TEV change rotation direction. 
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Figure 9. Snapshots of flow field in one flapping period (blue dots indicates anti-clockwise rotating 
vortices and red dots indicate clockwise rotating vortices) 
Validation case 2. In this case, a 2D flat plate of chord length 10 mm is set in horizontal flapping 
motion in the same condition as that by Wang et al [7]. The heaving and pitching motion function are 
defined in equation （ 23 ） and （ 24 ） with an average pitching angle  α0 =
𝜋
4
 , heaving 
amplitude 𝐴0 = 28𝑚𝑚  and flapping period T = 4s.  
The resulting lift coefficients in this case are shown in Figure 10 in comparison with the CFD and 
experimental result by Wang et al [7]. According to Figure 10, the lift coefficient curve from the UAM 
shows the same trend as the CFD and experimental result. It is noted that there are two lift coefficient 
peaks in downstroke and another two peaks in upstroke. During each of the half stroke, the first peak 
occurs at about 𝑡/𝑇 = 0.1 and 𝑡/𝑇 = 0.6 while the second one occurs at about 𝑡/𝑇 = 0.3 and 𝑡/𝑇 =
0.8. The amplitudes of the peaks from the UAM are close to that by Wang et al[7]. The average lift 
coefficient CL=0.468 obtained from the UAM is only 1.8% and 5% smaller than the CFD result 
CL=0.479 and the experimental result CL=0.494. 
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Figure 10. Comparison of lift coefficients. Solid, UAM results; Dash, computational results by Wang  
et al; Dash dot, experimental data by Wang et al.  
Validation case 3. To further validate the UAM, a 3D wing model is taken with the same elliptical  
platform at Re=1800 as defined in previous study by Wu and Sun[29]. In this case, the UAM for a 2D  
wing is extended to calculate the aerodynamic force of the 3D wing based on strip theory (16  
segments). In order to take the 3D effect into account, e.g. spanwise flow and wingtip vortices, an  
elliptical distribution of spanwise aerodynamic force is selected.   
Table 1. Geometric data and kinematic parameters for the 3D wing model  
𝑩 (m) 𝚽 (deg) 𝝉𝒄 ?̃? 𝑼𝒓𝒆𝒇 (m/s) 𝚫𝛗 (deg) 𝒏𝒇 𝒏𝒓 𝝋𝒎 (deg) 
0.1015 150 9.37 0.93 0.874 50 2.5 12.5 40 
  
In Table 1, B is the wing semi-span length;  𝜏𝑐  is related to Φ by 𝜏𝑐 = 2Φ(
𝑟2
𝐵
) (
𝐵
𝐶
) where 𝑟2 is the 
radius of second moment of wing area (𝑟2/𝑅 ≈0.6);  𝐶 is chord length. ?̃? is a non-dimensional angular 
velocity of rotation; 𝑈𝑟𝑒𝑓 is the reference velocity defined by the average flapping velocity at 𝑟2 ; Δφ 
is the amplitude of rotation as shown in Figure 11(b) [29].  𝑛𝑓 and 𝑛𝑟 are stroke frequency and rotation 
frequency, respectively;  Φ is stroke amplitude; 𝜑𝑚 is the angle of attack of the wing at mid-stroke. 
The flapping translational velocity at the span location 𝑟2and angular velocity of rotation is expressed 
by the following equations respectively: 
𝑢𝑡 = 0.5𝜋𝑈𝑟𝑒𝑓sin (
2𝜋𝑡𝑈𝑟𝑒𝑓
𝜏𝑐𝑐
)  （25） 
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         ω = {
𝑈𝑟𝑒𝑓
𝑐
 ?̃?[−1 − cos(2𝜋
𝑛𝑟
𝑛𝑓
?̂?)]            0 < ?̂? ≤ 0.1 𝑜𝑟 0.9 < ?̂? ≤ 1   
𝑈𝑟𝑒𝑓
𝑐
 ?̃?[1 − cos(2𝜋
𝑛𝑟
𝑛𝑓
?̂?)]                         0.4 < ?̂? ≤ 0.6                
 （26） 
where ?̂? = 𝑡 ∙ 𝑛𝑓 − 𝐼𝑁𝑇(𝑡 ∙ 𝑛𝑓) and 𝑡 stands for the time. The flapping and pitching motion of the wing 
in a horizontal plan as defined above is illustrated in Figure 11. 
 
 
(a) The position of horizontal flapping wing in one cycle 
 
      
(b) Angular velocity and pitching angle in one cycle and 
Flapping velocity at span location 𝑟2 
Figure 11. Flapping and pitching motion of the wing in a horizontal plan 
 
As shown in Figure 12, the lift coefficient curve and drag coefficient curve from the UAM show 
similar trend and close peak values to the CFD results by Wu and Sun [29] although there is a clear  
timing difference. The lift coefficient peak from the UAM at 𝑡/𝑇 = 0.3 occurs later than the CFD  
result (𝑡/𝑇 = 0.25), while the drag coefficient peak at 𝑡/𝑇 = 0.2 occurs earlier than the CFD result  
(𝑡/𝑇 = 0.28).  
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Figure 12. Comparison of lift and drag coefficients of 3D rigid wing by UAM and CFD  
  
Similar phase difference of lift and drag coefficients can also be found in horizontal flapping cases  
between a 2D airfoil CFD results by Wang et al[7](shown in validation case 2) and 3D wing CFD  
results by Wu and Sun[29](shown in validation case 3). It is because the 3D flow included in the CFD  
models affects the spanwise vortices distribution while the 2D based UAM could not take the 3D flow  
into account. However, the 3D flow does not have significant effect on the average lift coefficient in a  
flapping cycle. In this case, the mean lift coefficient of a flapping cycle from the UAM (CL=1.72) is  
slightly greater than the CFD result (CL= 1.70) by only 1.17%. However the average drag coefficient  
CD=1.20 from the UAM in downstroke is 16% smaller than the CFD result CD=1.43.    
Validation case 4. In this case, a 3D wing of variable camber at Re=200 in flapping motion is set in the  
same condition as that by Du and Sun [22]. The wing shape keeps the same as case 3, but scaled down  
in dimension to match Re=200. The detailed geometric data and kinematic parameters of this wing  
model are listed in Table 2.  
Table 2. Geometric data and kinematic parameters of the 3D cambering wing  
𝑩 (m) 𝚽 (deg) 𝝉𝒄 ?̃? 𝑼𝒓𝒆𝒇 (m/s) 𝚫𝛗 (deg) 𝒏𝒇 𝒏𝒓 𝝋𝒎 (deg) 
0.0371 150 9.37 0.93 0.291 50 2.5 12.5 40 
  
The camber variation of the wing during the flapping motion is defined in the following function:  
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𝑚(?̂?) =
{
 
 
 
 
 
 
 
 𝑚0 {[
2(?̂? − 0.4)
0.2
] − 1}  0.0 ≤ ?̂? < 0.1
𝑚0                                      0.1 ≤ ?̂? < 0.4
 𝑚0 {1 − [
2(?̂? − 0.4)
0.2
]}  0.4 ≤ ?̂? < 0.6
−𝑚0                                  0.6 ≤ ?̂? < 0.9
𝑚0 {[
2(?̂? − 0.4)
0.2
] − 1}  0.9 ≤ ?̂? < 1.0
 （27） 
where 𝑚0 is the maximum wing camber(≈
5𝜎
4𝑐
), which is 6% in this case. ?̂? = 𝑡 ∙ 𝑛𝑓 − 𝐼𝑁𝑇(𝑡 ∙ 𝑛𝑓) and  
𝑡 stands for the time. The comparison of lift and drag coefficients of this case by UAM and CFD  
results from Du and Sun [22] are shown in Figure 13.  
 
Figure 13. The lift and drag coefficients from UAM and CFD of the 3D wing with variable camber 
As shown in Figure 13, the time courses of the lift and drag coefficients of the wing with variable 
camber from the UAM agree with CFD results in their variation trend despite the same phase 
differences as given in validation case 3 between these curves still exist. The lift coefficient curve by 
UAM reaches peak later than that by CFD while the drag coefficient curve by UAM reaches peak 
earlier than that by CFD. The mean lift coefficient CL=1.86 from the UAM is in close agreement (2.8% 
difference) with the CL=1.81 from CFD result [22]. The mean drag coefficients CD=1.52 from the 
UAM during the downstroke is less than 10% different from the CFD result CD=1.68. 
Camber Variation and Results 
For a typical vertical or inclined flapping wing such as dragonfly wing, apparent deformation can be 
observed during the flapping process. Attention is therefore paid to the aerodynamic performance of a 
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vertically flapping wing with camber variation. Firstly a 2D wing with a prescribed asymmetric 
camber variation in up and downstroke of a flapping cycle is considered. The wing remains flat in 
downstroke, and changes to a positive camber in upstroke. Secondly, the study is extended to a 3D 
wing of variable camber due to structure flexibility to evaluate aeroelastic coupling effect. The 
instantaneous deformation of the flapping wing subjected to aerodynamic forces is calculated using 
Abaqus package based on finite element method interfacing with the UAM code at each time step of 
the simulation process. The aerodynamic results are compared with the rigid wing of the same 
dimension and flapping motion. 
1.6. 2D flapping wing of variable camber  
In this case, the 2D wing has a variable camber during upstroke only but keep rigid in downstroke. 
The wing motion can be expressed as follows with maximum flapping amplitude 𝜑𝑚𝑎𝑥 and pitching 
angle 𝛼𝑚𝑎𝑥 at mid-stroke. 
𝜑 = 𝜑𝑚𝑎𝑥𝑐𝑜𝑠(2𝜋?̂?) （28） 
𝛼 = 𝛼𝑚𝑎𝑥𝑠𝑖𝑛 (2𝜋?̂?) （29） 
where ?̂? = 𝑡 ∙ 𝑛 − 𝐼𝑁𝑇(𝑡 ∙ 𝑛) and 𝑡 stands for the time; 𝑛 is the flapping frequency. The continuous 
change of the wing camber from zero (flat) in the downstroke to the maximum (𝑚0) in the mid-
upstroke in a flapping cycle is written in the following function and illustrated in Figure 14: 
𝑚(?̂?) = {
0                                                            0.0 ≤ ?̂? < 0.5
𝑚0[1 − 4 ∙ (0.75 − ?̂?)]                    0.5 ≤ ?̂? < 0.75
 𝑚0[1 − 4 ∙ (?̂? − 0.75)]                    0.75 ≤ ?̂? < 1.0
 （30） 
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Figure 14. Kinematics of motion of a 2D wing with asymmetric camber (positive camber in upstroke) 
A case study is carried out to evaluate the effect of wing camber combined with pitching angles on the 
aerodynamic performance of the flapping wing. There are four wing camber 𝑚0 = 0%, 3%, 6% and 9% 
and two pitching angles 𝛼𝒎𝒂𝒙 = 35° and 45° included in the study. The wing chord length is 0.05m at 
Re=5400. Table 3 shows the kinematic parameters for the wing flapping and pitching motion.  
Table 3. Kinematic parameters of the 2D flapping wing 
𝜑𝑚𝑎𝑥 (m) 𝑛 (Hz) 𝛼𝑚𝑎𝑥 (𝑑𝑒𝑔) 𝑈𝑖𝑛𝑓(𝑚/𝑠) 
0.04 10 35 and 45 1.25 
 
In this study, the commercial solver Fluent is employed to perform the CFD simulation. As shown in 
Figure 15(a), the fluid field is divided into inner-fluid and outer-fluid field. The inner-fluid field flaps 
and rotates with the airfoil and will not be reconstructed during the calculation process. It will prevent 
the mesh near the airfoil surface becoming distorted. If the mesh near the airfoil surface is over 
skewness, the calculation will terminate to avoid low mesh quality. The radius of interior circle is 
twice the chord length; the radius of the far field circle is 10 times the chord length. In order to fulfill 
the rigid motion and camber variation, three functions are built in the user-defined functions (UDF) 
scripts. The NACA4Digits function is used to define standard NACA airfoil while 
DEFINE_CG_MOTION and DEFINE_GRID_MOTION are used to define rigid wing motion and 
variable camber wing motion respectively as shown in Figure 15(b).  
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(a) 
 
(b) 
Figure 15. (a) Diagram of the CFD model (b) Mesh and UDF scripts of the CFD model  
 The results show that for both rigid (𝑚0 = 0) and variable camber (𝑚0 > 0) wings in downstroke, 
the mean lift coefficient 𝐶?̅?  calculated using the UAM and CFD method have negligible small 
difference. The 𝐶?̅? in upstroke and a whole flapping cycle varies with the camber and pitching angles 
as shown in Figure 16(a) and (b). It is noted that the 𝐶?̅?  from the UAM has change rate close to CFD 
results consistently although the absolute value is slightly smaller than the CFD. The 𝐶?̅?   values from 
both methods increase with the camber 𝑚0 and the wing pitching angle 𝛼𝑚𝑎𝑥. This is mainly due to 
the increase of the effective angle of attack (AoA) in the upstroke and consequently reduced negative 
lift on the wing as shown in (c) 
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Figure 16(a). Taking the case of 𝑚0 = 9% and 𝛼𝒎𝒂𝒙 = 35° for further analysis, the negative 𝐶?̅? =-
0.689 from the UAM is reduced by 22% due to the positive camber comparing with the 𝐶?̅? =-0.882 of 
the rigid wing (𝑚0 = 0) in upstroke; similarly the resulting negative 𝐶?̅? =-0.783 from the wing of 
positive camber is reduced by 20.7% comparing with the 𝐶?̅? =-0.988 of the rigid wing in upstroke by 
using the CFD method. For a complete flapping cycle, the results as shown in (c) 
Figure 16(b) indicate that the 𝐶?̅?of the camber wing is increased significantly compared with the rigid 
one. As shown in (c) 
Figure 16(c), the time courses of the CL in a flapping cycle obtained by both methods have similar 
trend for both the rigid wing and camber wing (𝑚0 = 9%). In the downstroke t/T=0~0.5, the results 
by using either the UAM or the CFD method keep virtually the same as a rigid flat wing since the 
wing has zero camber. In the upstroke t/T=0.5~1 however, the positive camber leads to a reduced 
negative CL comparing with the rigid wing.  
       
        
(a)                                                                                 (b) 
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(c) 
Figure 16. (a) Mean CL in upstroke only (b) mean CL of a flapping cycle varying with pitching angle 
(𝛼𝑚𝑎𝑥) and camber (𝑚0) (c) instantaneous CL of the rigid and camber wing (𝑚0 =9%, 𝛼𝒎𝒂𝒙 =35
o) 
 The study results imply that a flapping wing of asymmetric structure bending stiffness would 
improve the aerodynamic performance. Such a flexible wing structure can be designed by imposing a 
mechanical constraint to the wing bending in downstroke and allowing for adaptive bending to gain a 
positive camber in downstroke[23]. 
1.7. Aeroelastic effect on a flexible flapping 3D wing 
In this final case study, a flexible 3D wing flapping in a prescribed vertical and pitching motion is 
considered. The prescribed motion of the wing is the same as the 2D wing expressed in equations（28）
and（29）except that the flapping amplitude varies along the span with a different maximum pitching 
angle. 
ϕ = 0.5 ∙ ϕ0 cos(2𝜋?̂?) （31） 
𝛼 = 𝛼𝑚𝑎𝑥sin(2𝜋?̂?) （32） 
where ?̂? is the non-dimensional time scaled by the flapping period; ϕ is the flapping angle; ϕ0 is the 
flapping angle amplitude; 𝛼 is the pitching angle of the wing;  𝛼𝑚𝑎𝑥 is the maximum pitching angle at  
mid-stroke. In this case, ϕ0 = 
𝜋
3
 𝑟𝑎𝑑, 𝛼𝑚𝑎𝑥 = −
𝜋
6
 𝑟𝑎𝑑, the flapping frequency 10Hz and Re=7800.  
The wing is a flat rectangular platform of 100mm semi-span and 50mm chord length in flapping  
motion as illustrated in Figure 17.  
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Figure 17. Illustration of the 3D flapping wing motion 
 
The wing is constructed with three beams of rectangular cross section set in different orientations and 
connected at the wing root and covered by a membrane skin as illustrated in Figure 18. The material 
properties of the carbon/epoxy beams and the capran film skin as defined in [34] are listed in Table 4. 
By employing finite element (FE) method, the skin is modelled using shell element and the beams 
modelled using beam element. 
 
Figure 18.  The wing structure configuration and components FE models 
 
Table 4.  Material properties of the wing structure components 
𝑬𝒃𝒆𝒂𝒎𝟏𝟏 
(𝑮𝑷𝒂) 
 𝑬𝒔𝒌𝒊𝒏 
(𝑮𝑷𝒂) 
 𝑬𝒃𝒆𝒂𝒎𝟏𝟐 
(𝑮𝑷𝒂) 
 𝑬𝒃𝒆𝒂𝒎𝟐𝟐 
(𝑮𝑷𝒂) 
𝝂𝒃𝒆𝒂𝒎𝟏𝟐 
𝝆𝒃𝒆𝒂𝒎  
(𝐤𝐠/𝒎𝟑) 
 𝝆𝒔𝒌𝒊𝒏  
(𝐤𝐠/𝒎𝟑) 
233 3 3 23.1 0.05 1740 1160 
  
In the structural analysis, the elastic deformation of the 3D wing is calculated using the FE-based  
Abaqus software interfacing with the UAM code in a strong coupling approach. The wing surface is  
evenly divided into 8 sections along the span as shown in Figure 19(a). The aerodynamic forces will  
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not change significantly if more sections are selected with increasing computing time. At each time 
step of simulation in a flapping cycle, the instantaneous shape and velocity of the wing are fed into the 
UAM to calculate the unsteady aerodynamic forces. As a result of aeroelastic coupling due to the 
interaction between the inertial, elastic and aerodynamic forces, the wing deforms continuously with 
each spanwise section decomposed into camber and twist at the following time step. As illustrated in 
Figure 19(b), the camber is obtained by curve fitting of the leading edge 𝑃1, mid-chord 𝑃2 and trailing 
edge 𝑃3 of the wing section to determine the ratio of the distance of the circle arc between 𝑃1 and 𝑃3 to 
the undeformed chord length. The twist angle is calculated from the angle between the chord lines of 
the deformed 𝑃1 and 𝑃3 and undeformed position. 
 
(a)  
 
(b) 
Figure 19. (a) The wing spanwise sections (b) measurement of a wing section camber and twist angle 
 
From the analysis, the resulting time courses of the wing camber variation of a few spanwise sections 
in a flapping cycle are shown in Figure 20(a). It is noted that despite small deformation of the 
membrane skin, the wing deforms in negative camber in downstroke and positive camber in upstroke 
with the value increasing from the wing root to tip. In downstroke, the aerodynamic lift would cause a 
negative camber since the cross beam and the unreinforced trailing edge of the wing will deflect up 
relative to the leading edge. It is also noted that the camber of all the wing sections changes sign at 
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about t=0.4T and 0.9T in a flapping cycle. This indicates a phase advance of the camber variation with  
respect to the wing pitching angle. The resulting total force (𝐹𝑡𝑜𝑡𝑎𝑙) normal to the undeformed wing 
surface are divided into the aerodynamic force (𝐹𝑎𝑒𝑟𝑜) from the UAM calculation and inertial force 
(𝐹𝑖𝑛𝑒𝑟𝑡) simplified as −𝑚 ∙ 𝑎 as shown in Figure 20(b). Since the wing camber variation is mainly due 
to the skin deformation under the aerodynamic pressure on the wing surface, the phase advance of 
wing camber variation agrees very well with the aerodynamic force. 
             
(a)  (b) 
Figure 20. (a) wing camber variation of the spanwise sections (b) resulting normal forces on the wing  
  
The time courses of the twist angles of those wing sections are shown in Figure 21(a). It is noted that  
negative and positive twist angles mainly occur in the downstroke and upstroke respectively, and  
increase from the wing root to tip. This is because the flapping wing is constrained at the root of  
leading edge beam and cross beam, and the aerodynamic center is behind the wing elastic center.  
Similar to the camber variation, a phase advance for the twist angles with respect to wing pitching is  
observed. Figure 21(b) shows the total pitching angle of the wing at the wing tip section 8 and the  
elastic (deformation) twist angle separated from the prescribed sinusoidal rigid body pitching angle  
defined in equation（32）.  
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(a) (b) 
Figure 21. (a) Variation of twist angles at spanwise wing sections (b) rigid pitching angle and elastic  
twist angle as part of the total pitching angle  
  
The aerodynamic lift coefficient in a flapping cycle is calculated and shown in Figure 22 (CL_Flexible)  
based on the flapping motion and deformations of the flexible wing as shown in Figure 20 and 21. For  
comparison purpose, the lift coefficient of the rigid flat wing (CL_Rigid) as baseline case and the  
flexible wing in other two types of deformation models are also calculated and shown in Figure 22.  
The CL_Camber_only is the result from the flexible wing with only the camber variation taken into  
account; the CL_Flexible_Asymmetry is from the wing of rigid flat surface in downstroke but elastic  
deformation including camber and twist in upstroke.   
                 12 
Figure 22. Comparison of time courses of lift coefficients of the wing in four different deformations 13 
 14 
As shown in Figure 22, the CL_Camber_Only differs slightly from the CL_Rigid in both upstroke 15 
and downstroke. The CL_Flexible has significant difference from the CL_Rigid in both upstroke and 16 
downstroke. It is also noted that the flexible wing produces a couple of lift coefficient peaks in both 17 
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the downstroke and upstroke compared with the typical one peak per stroke of a rigid wing. This may  
be caused by the phase advance of the twist angle that makes the effective AoA reduced at mid- 
downstroke and then increased before the end of downstroke.   
For the above four wing models, the mean lift coefficients 𝐶?̅? in upstroke are listed in Table 5. The  
results show that the wing of camber variation only produces a smaller negative 𝐶?̅? =-1.26 than the  
rigid wing 𝐶?̅? =-1.33 in upstroke. The resulting 𝐶?̅? =-1.01 has been further reduced when both camber  
and twist deformation are taken into account for the flexible wing. For the wing having asymmetric  
deformation, similar 𝐶?̅? =-1.07 is obtained with a reduction by 19.5% comparing with the rigid wing.   
The above results affect the resulting 𝐶?̅? of a complete flapping cycle of the four wing models. As  
shown in Table 5, the 𝐶?̅? of the asymmetric flexible wing 𝐶?̅? =0.13 is significantly larger than the  
other models. This is because this wing produces almost the same lift as the rigid wing in downstroke  
and a smaller negative 𝐶?̅? =-1.01 in upstroke. The negligible small difference for the rigid and camber  
only wing models is due to the numerical accuracy since their 𝐶?̅? should be zero in theory. For the  
flexible wing, the noticeable small 𝐶?̅? =0.027 may be caused by small asymmetric deformation of the  
wing structure with the membrane skin on one side of beams.  
Table 5. Mean lift coefficient of the wing models during the upstroke only and in one flapping cycle  
 Rigid Camber only Flexible Asymmetric 
flexible 
?̅?𝑳(𝐮𝐩𝐬𝐭𝐫𝐨𝐤𝐞) -1.33 -1.26 -1.01 -1.07 
?̅?𝑳(one cycle) 0.0141 0.0152 0.027 0.13 
 
Conclusion 
In this study, a nonlinear unsteady aerodynamic model (UAM) based on potential flow theory for a 2D 
rigid airfoil section of a flapping wing has been extended. The extended UAM has improved accuracy 
and capability of dealing with the vortices penetration problem in an effective way, extending the 
analysis of a 2D rigid airfoil to one with variable camber, and then a flexible 3D wing. The extended 
UAM has been validated through case study of examples from CFD method and experiment available 
in literature. For a typical 2D rigid airfoil section and 3D wing, the difference of mean lift coefficient 
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in a flapping cycle obtained from the extended UAM and CFD method is within 5%. During the  
flapping motion however, there is a small phase difference between the maximum instantaneous lift  
coefficients of the two method (e.g. t/T=0.05 for the 3D wing in case 3). This could be due to the  
exclusion of air viscosity at low Re number for 2D airfoil and ignorance of spanwise flow for 3D  
wing.  
The extended UAM can be used to evaluate the effect of camber or structural flexibility on the  
aerodynamic performance of a flapping wing. A rigid 2D airfoil section in a symmetric heaving and  
pitching motion usually produces positive lift coefficient in downstroke, which is equal in absolute  
value to the negative value in upstroke. An effective way of obtaining positive mean lift of a wing  
flapping in a vertical plan is to reduce the negative lift during upstroke. Take a wing having a pitching  
angle ±35o in a flapping cycle as example. An additional positive camber variation in upstroke (9%  
camber at mid-upstroke) results in a reduction of the negative mean lift coefficient in the upstroke by  
22%. The CFD results show a similar effect with the negative 𝐶?̅? reduced by 21%. Consequently, the  
mean lift coefficient of the camber wing in a flapping cycle can be significantly increased to  
𝐶?̅? =0.117 from 0.0197 of the rigid wing. When the pitching angle is increased, the camber effect  
remains in the same level.  
The same effect can be shown in a 3D wing of asymmetric flexibility due to aeroelastic effect. By  
using the extended UAM interfaced with a structure analysis package based on FEM, the  
instantaneous elastic, inertia and aerodynamic forces of a 3D flexible wing made of composite beams  
and film skin can be calculated and updated at each time step of the analysis in a flapping cycle. When  
the elastic deformation of the flexible wing is taken into account in upstroke only, the negative mean  
lift coefficient 𝐶?̅? in the upstroke is reduced by 24%, and the 𝐶?̅? in a flapping cycle is increased from 
almost zero to 𝐶?̅? =0.13.  
The above results show that the asymmetric flexibility can significantly improve the aerodynamic 
performance of a flapping wing in heaving and pitching motion. This is because the positive camber 
and twist deformation of the wing would mitigate the usual negative lift in upstroke. This structural 
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property can be achieved in practice by making use of the wing elastic deformation to gain aeroelastic 
beneficial effect in upstroke, but constraining the deformation in downstroke. The study provides 
insight for design of a practical flapping wing of high aerodynamic performance. 
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